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Abstract

This paper introduces the concept of tritopological approximation space, extending conventional
approximation space by drawing upon topological spaces and precisely defined binary relations
within a universe of discourse. Through meticulous construction of subbases, this progressive
paradigm shift facilitates a comprehensive analysis of rough sets within the domain of tritopo-
logical approximation spaces. Additionally, the study pioneer’s multiple membership functions
and inclusion functions, enhancing the analytical framework and enabling more effective re-
definition of rough approximations. To illustrate the practical advantages, real-life application
examples are presented, focusing on the implementation of data reduction methods within the
context of rheumatic fever—a prevalent disease characterized by diverse symptoms among pa-
tients, despite a consistent diagnosis. This research contributes to the advancement of rough set
theory and its applications in addressing complex, real-world problems.
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1 Introduction

In recent years, rough set theory and its extensions have increasingly captivated scholars, par-
ticularly in the fields of computer science and artificial intelligence. Pawlak’s groundbreaking
work in 1982 marked the inception of rough set theory [21], where he utilized an equivalence re-
lation for classification purposes. Over time, Pawlak’s rough set theory has evolved into a vital
extension of set theory, providing robust tools for the analysis of diverse data types. As a result,
researchers have proposed various generalizations, utilizing either arbitrary or specific relations.
For instance, these include similarity relations [3], general relations [30], coverings [7, 11, 16],
topological approaches such as topological covering-based rough sets [16], topological soft rough
sets [6, 8], nano-ordered topological spaces [25], and fuzzy decision-making [1, 2, 28]. Moreover,
there are several applications using neighborhood systems [4], soft rough sets [8, 17], fuzzy set
applications [5, 18, 24], and other applications utilizing fuzzy systems [27, 30].

Its practical applications extend across various domains, including artificial intelligence disci-
plines such as machine learning, pattern recognition, decision analysis, cognitive sciences, and
intelligent decision-making [17]. Within this framework, the representation of uncertain data
relies on a pair of certain sets, namely the lower and upper approximations. These, defined in
terms of equivalence classes, constitute fundamental concepts in rough set theory. The lower ap-
proximation encompasses equivalence classes entirely contained within the set, while the upper
approximation includes all equivalence classes with a nonempty intersection with the set. Topo-
logical structures [13] have been utilized in many application fields such as medical applications
[8, 10], economic applications [9], fuzzy applications [24], and rough set properties [19, 22, 28].

In this paper, we introduce a novel approach that explores tritopological methods to address
vagueness in a more versatile manner. The primary focus is on addressing the boundary region, a
critical aspect of any vague concept. Our proposed models effectively reduce the boundary region
of the concept of interest by employing binary relations defined according to the attributes present
in an information system. This strategy aims to create three distinct topological spaces, forming
the basis for introducing a sequence of comprehensive generalizations. Firstly, we introduce and
investigate some new generalized rough approximations based on the notion of tritopological ap-
proximation space. These represent accurate tools to measure the roughness and exactness of
sets, which are very useful in decision making and medical applications. On the other hand, we
prove that the proposed approaches are generalizations of the previous works in the literature.
Some results proving the properties of these methods are introduced and investigated with coun-
terexamples. Moreover, the relationships among them and other techniques are presented and
examined. The introduced methods will be used for an important application, namely, in the
topological reduction of enhancing rheumatic fever analysis. We believe that the suggested ap-
proaches will open the way for more topological directions in the line of tritopological spaces in
many fields such as fuzzy sets, soft sets, and fuzzy soft set theory.

The structure of the paper is prepared as follows:

e In Section 2, a comprehensive overview is presented on generalized rough sets induced by
binary relations, along with the introduction of the concepts of tri-near open sets.

e Section 3 establishes the concept of a tritopological approximation space, shedding light on
significant accuracy metrics intricately associated with this construct.

e In Section 4, a thorough exploration of noteworthy properties within tritopological spaces
is undertaken, accompanied by the introduction of the concept of rough sets within this
specific contextual framework.
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e Section 5 outlines an application approach aimed at effecting data reduction within multi-
valued information systems.

e Lastly, Section 6 serves to conclude this paper by providing a summarization of our research
findings and suggesting potential directions for future research endeavors.

2 Preliminaries

The underpinning of rough set theory can be traced back to the need for representing subsets
of a universal set through equivalence classes derived from a partition. This partition establishes a
topological space referred to as the approximation space A = (U, R), where U denotes the universe
set, and R represents the equivalence relation [21]. The equivalence classes derived from R are
widely acknowledged as granules, or elementary sets. Each element x € U is associated with
its respective equivalence class denoted as [z],. These equivalence classes serve a pivotal role in
defining rough approximations. To comprehend the fundamental principles of rough set theory,
we will reference the key concepts outlined in [21] in the subsequent discussion.

Definition 2.1. [21]IfU is the universe and R is an equivalence relation on U, then (U, R) is called Pawlak
approximation space. The lower and upper approximations of a subset X C U are defined as R(X) =
{zeU:(z], CX}and R(X) = {x € U: [z]p,N X # ¢}, respectively. Also consider POSgr(X) =
R(X), NEGr =U — R(X),and BN = R(X) — R(X) represent the positive, the negative, and the
boundary region of X, respectively.

Definition 2.2. [21] Assumed an equivalence relation R on the set U and a subset X C U, Pawlak
established a method to ascertain the degree of exactness of X using the accuracy measure:
B (X)]

IR(X;| , where R (X) # ¢.

aR(X) =

Definition 2.3. [21] Consider an equivalence relation R on the universe U, and let X be a subset of U.
For any element x in X, we define rough membership relations to X as follows: » €X iff z€ R (X) and
z €AiffzeR (X).

Definition 2.4. [12, 14, 29] In the context of an equivalence relation R on the set U, the rough inclusion
relations for every X and Y subsets of U can be formulated as follows:

(XCY)ifR(X)CR(Y), and (AC™B) if R(X) CR(Y).
Definition 2.5. [12, 14, 29] Assumed an equivalence relation R on the set U and X C U. Then:

1. f R(X) # ¢ and R (X) # U, then X is termed roughly R-definable.

2. IfR(X)=¢and R(X) # U, then X is termed internally R-undefinable.
3. IfR(X) # ¢and R(X) = U, then X is termed externally R-undefinable.
4. If R(X) = ¢and R(X) = U, then X is termed totally R-undefinable.

Remark 2.1. The initial extension of rough set approximations rooted in topological frameworks was intro-
duced by [29] and termed as topological rough approximations. In this method, the conventional lower and
upper approximations are substituted with the interior and closure operators, respectively. These operators
are defined as follows: int (A) =U{G CU:Ge1,GCA}andcl(A)=n{F CU:U—-Fer,AC
F}.
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Definition 2.6. [14] Let 71, T2, and T3 be three topologies on U. The set U together with these three
topologies is called a tritopological space and is denoted by (U, Ty, T2, 73).

Definition 2.7. [12] A subset A of a tritopological space (U, 11, T2, 73) is called a tri-open set if A €
71 U T2 U T3 and the complement of tri-open set is tri-closed.

Definition 2.8. [12] Let (U, 71,72, 73) be a tritopological space and A C U. The tri-closure and tri-
interior of A (briefly, tri-cl (A) and tri-int(A)) are defined, respectively, as follows:

1. tri-cl(A) =N{F: F 2 Aand F is tri-closed}.
2. tri-int(A) = U{G: G C A and G is tri-open}.

In the following, we list some tri-near open sets.

Definition 2.9. Consider (U, 1,72, T3) is a tritopological space, a subset A C U is said to be:

1. tri-semi open [26] if A Ctri-cl(tri-int (A)).

tri-preopen [26] if A Ctri-int(tri-cl (A)).

tri-a-open [20] if A Ctri-int(tri-cl(tri-int (A)).

tri-b-open [23] if A C [tri-int(tri-cl (A))] U [tri-cl(tri-int (A))].
tri-B-open [20] if A Ctri-cl(tri-int(tri-cl (A))).

S ok

tri-d8-open [20] if A Ctri-cl(tri-int(tri-(cls (A))).

The family of all tri-semi open (respectively, tri-preopen, tri-a-open, tri-b-open, tri-B3-open, and tri-6 /-
open) sets in a tritopological space (U, T, T2, T3) is denoted by tri-SO (X) (respectively, tri-PO (X),
tri-a0 (X) , tri-bO (X), tri-BO (X), and tri-d50 (X)).

3 Tritopological Approximation Spaces

In this section, we commence with the introduction and thorough exploration of the concepts
of tri-lower approximation and tri-upper approximation, delving into a comprehensive analysis
of their inherent properties. By harnessing tritopological bases derived from binary relations, we
showcase the ability to construct tri-lower and tri-upper approximation operators.

Definition 3.1. Consider a binary relation, denoted as R, defined on a universal set U. For any elements x
and y belonging to U, we define the set R, (x) as the collection of elements y for which the relation xRy holds
true, that is, when the pair (x,y) is an element of the relation R. This collection is referred to as the right
neighborhood of the element x. The aggregate of all such right neighborhoods, denoted as S, encompasses
sets of this nature for all elements x in U. This collection S, forms a foundational subset for constructing a
topology, designated as T, on the universal set.

Similarly, by considering the reverse of the binary relation, we define the left neighborhood
Ry (z) as the set of elements y for which y Rz holds true, that is, when the pair (y, ) lies within the
relation R. This set represents the left neighborhood of the element z. Analogously, the family S,
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comprised of these left neighborhoods for all elements x in U, constitutes a fundamental subset
for establishing another topology, denoted as 7¢, on the universal set.

Combining these notions, we introduce the combined family S,,, formed by the union of S, and
Sy. This collective set forms a foundational subset for constructing a third topology, designated as
Tre, on the universal set U. In summary, the defined binary relation R on the universal set U gives
rise to three distinct topologies: 7, based on right neighborhoods, 7, based on left neighborhoods,
and 7, based on the amalgamation of both right and left neighborhoods.

The approximation space denoted as T'ri T = (U, R, 7., ¢, Tr¢) represents an extended form of
the traditional approximation space introduced by Pawlak. This augmented version is referred to
as a tritopological approximation space due to its incorporation of three distinct topologies: .., 7,
and 7,,. This advancement provides a more comprehensive framework for handling approxima-
tion and generalization within the context of the original Pawlak approximation space.

Definition 3.2. The subbases S, Sy, and S, delineate a lower (resp. upper) approximation for A C U in
the following ways:

For S,

1) S, (A) = AN (U{R, (z) € Sy : R, (x) € A}),

2) Sy (A)=AU(N{R,(z) € S : Ry (x) N A # ¢}).
For S,

1) 5, (A) = AN (U{R (x) € S = By (z) € A}),

2) Sp(A)=AU(N{Re(x) € Sp: Ry (z)NAH#}).
For S,

1) S,y (A)=ANU{M € Sy : M C A}),

2) Se(A) = AUN{M € Sye: MNA# ).

Therefore, the accuracy measures of the above approximations of A are given, respectively, as:

_ 15, (4)
5, (4)

_ 15 (4)]
|Se (A)]

S.. (A
and 1s,., (A)_ |—T€( )|

wsr (4) =15, (A)]

y S, (A)

Definition 3.3. A subset A C U of the tritopological approximation space (U, R, T, T¢, Trs) is called tri-
openif A€ Tri T = 7. U7, U and the complement of a tri-open set is a tri-closed set.

Definition 3.4. A subset A of tritopological approximation space (U, R, 7., T¢, Tre) is called tri-3-open if
A Ctri-cl(tri-int(tri-cl (A))).

Definition 3.5. A subset Aof (U, R, 7,,T¢, 7r¢) is called tri-5-closed if A = S5 (A), where S5 (A) = {x €
U : Antri-int(tri-cl (G)) # 0, G €tri-t and x € G}. The complement of a tri-d-closed set is tri-6-open.

Definition 3.6. In a tritopological approximation space (U, R, T, T¢, Trs), a subset A of U is deemed tri-
§B-open if it satisfies the condition A C tri-cl(tri-int((Ss (A)). The complement of a tri-03-open set is
referred to as tri-d3-closed. The family of all tri-é3-open sets is denoted as tri-63O(U), and the set of
tri-0 B-closed sets is denoted as tri-68C(U).
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Definition 3.7. In a tritopological approximation space (U, R, T, Te, Ty¢), the tri-lower approximation,
tri-upper approximation, tri-boundary, tri-positive region, and tri-negative region, as well as the tri-
accuracy of the approximations of a subset A are given, respectively, as follows:

TriT(A)=U{G €triO(U): G C A} = tri-interior of A.

TriT(A)=n{F €triC(U): AC F} = tri-closure of A.
Tri T BON (A) =TriT (A) —TriT (A).
Tri T POS (A) =TriT (A).
TriT NEG(A)=U —TriT (A).
, [ Zri T (A)] e
ri T p(A) |T7‘iT(A)|’w 6T6| ri T ( )|7E

Definition 3.8. In a tritopological approximation space (U, R, T, T, Tr¢), where A is a subset of U. Then,
Vi€ {p s, a,B,08} the tri-j-lower, tri-j-upper approximations, tri-j-boundary, tri-j-positive and
tri-j-negative regions, tri-j-accuracy of the approximations of A are defined respectively by:

TriT;(A)=U{GetrijOU): G C A} = trij-interior of A.

TriT;(A)=n{F etrijC(U):AC F} = trij-closure of A.
Tri T BON; (A) =TriT;(A)—TriT; (A).
Tri T POS; (A) =TriT; (A).
TriT NEG; (A) =U —TriT; (A).
) |Tri T, (A) _
TriT p;(A) = , where |TriT; (A)| # 0.

|TriT; (4)]
Example 3.1. Suppose R represents a binary relation on U = {a, b, ¢, d, e} defined by R = {(a, a), (a, €),
(b,c), (b,d),(c,e),(d,a),(d,e),(e,e)}. Hence, the subbase of 7. is S, = {{a,e},{c, d},{e}},
the subbase of 1, is Sy = {{a,d},{b},{a,c,d,e}} and the subbase of 7o is Syy = S U S, =
{{b},{e},{a,d},{a,e},{c,d},{a,c,d,e}}. Then 1, = {U, ¢,{e},{a,e},{c,d},{c,d,e},{a,c,d,e}},

= {U7 b, {b}7 {av d}7 {av b, d}, {CL, ¢, d, e}} and Trp = {Ua ?, {a}v {b}, {d}7 {e}, {CL, b}, {a» d},
{a,e},{b,d},{b,e},{c,d},{d, e}, {a,b,d},{a,b,e},{a,c,d},{a,d, e}, {b,c,d}, {b,d, e}, {c,d, e}, {a,b,
¢,d}y, {a,b,d, e}, {a,c,d, e}, {b,c,d,e}}. Table 1 illustrates the tri-accuracy measures Tri T 1 (A),
TriT pg (A) and Tri T pgg (A) for specific subsets of the universe.

Table 1: Tri-accuracy measure Tri T p (A), Tri T pg (A) and Tri T psg (A) of some subsets.

ACU TriT p(A) | TriT pg(A) | TriT psg(A)
d! 1/2 1/2 1
{b,d} 2/3 2/3 1
{c,d} 1 1 1
{a,b,d} 3/4 3/4 1
{a,c, e} 2/3 2/3 1
{b,c,d} 1 1 1
{a,b,c,d} 1 1 1
{a,b,c, e} 3/4 3/4 1
{a,b,d, e} 4/5 4/5 1

Utilizing the information provided in Table 1, it becomes apparent that the precision degree for the subset
A = {a,c, e} is 67% when using the tri-accuracy measure, 67% when using the tri-B-accuracy measure,
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and 100% when using the tri-dS-accuracy measure. Thus, the tri-d-accuracy measure appears to be the
most effective among the three measures.

Considering the above approximations, any subset A C U can be divided into the following regions:

1. Tri Edg (A) = A—Tri T (A) named “tri-internal edge” of A.
2. Tri Edgj (A) = A—TriT; (A) named “tri j-internal edge” of A.

©w

Tri Edg(A) =TriT (A) — A named “tri-external edge” of A.

s

Tri Edg; (A) =TriT; (A) — Anamed “tri j-external edge” of A.
TriT BON (A) =TriT (A) — Tri T (A) named “tri-boundary” of A.
Tri T BON; (A) =TriT;(A) — TriT; (A) named “tri j-boundary” of A.

ISARSY

N

TriT NEG(A) =U —TriT (A) named “tri-negative” of A.
8. TriT NEG,; (A)(A) =U —TriT; (A) named “tri j-negative” of A.

Proposition 3.1. For any tritopological approximation space Tri T = (U, R, Ty, ¢, Tre), and A C U

1. Tri T BON (A) =Tri Edg (A) UTri Edg (A).

2. Tri T BON; (A) = Tri Edg  (A) UTri Edg; (A).

Proof.

Tri T BON (A) =Tri T (A) — Tri T (A)
= (TriT(A) — A) U (A —Tri T (A))
=Tri Edg (A)UTri Edg (A).

2. The proof will follow the same way as in number 1.
O

Consider the tribitopological approximation space denoted as T'ri T = (U, R, 7., 7¢, Tr¢) and let
A C U. We now proceed to establish the subsequent membership functions:

Definition 3.9. Consider the tribitopological approximation space denoted as Tri T = (U, R, Ty, To, Tre)
and let A C U, we proceed to formally generate the subsequent membership functions:

T Etri—open A iff € Tri T (A), which is named as Tri — strong membership function.

T Eppij—open Aiff £€ Tri T; (A), which is named as Tri— j— strong membership function.
3. T €pri—open Aiff x€ Tri T (A), which is named as Tri — weak membership function.

4. x €Eprij_open Alff x€ TriT; (A), which is named as Tri— j— weak membership function.
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Remark 3.1. Referring to the previously defined membership function explanations, we can now reformu-
late the tri-lower (or tri-upper) approximation for A is a subset of U by the below items:

1L IriT(A)={recA:x gtri—openA}'
2TriT; (A)={r € A0 E; ; open A
3. TriT(A) ={x € A: 2 Epi—openA}.
4. TriT; (A)={x € A: 2 E€pij—open A
Remark 3.2. Let (U, R, 7, ¢, Tr¢) be a tribitopological approximation space and A C U. Then:

€T g1‘,7"1'—0])6”‘4 == gtm’—j—open’él' (1)
x étrifjfopenA — étrifopenA' (2)

Definition 3.10. Consider the tritopological approximation space denoted as (U, R, T, T¢, Tre), where A
and B are subsets of U. In this context, we characterize A and B as:

1. If Tri T (A) = Tri T (B), then they are tri-roughly bottom equal (symbolized by A=y openB).

2.0f TriT;(A) = TriT;(B), then they are tri-j-roughly bottom equal (symbolized by
Aztri—j—open B)

3. If Tri T (A) = TriT (B), then they are tri-roughly top equal (symbolized by A~,,.;  penB)-

4. If TriT;(A) = TriT;(B), then they are tri-j-roughly top equal (symbolized by

A B).

~,
—tri—j—open

Definition 3.11. Given the tritopological approximation space defined as (U, R, T, T¢, Tr¢), where A and
B are subsets of U, we proceed to define:

1. Ais Tri-roughly bottom included in B (AC!T*=°PenB) if Tri T (A) C Tri T (B).

2. Ais Tri- j-roughly bottom included in B (AC'T'=7=°P"B) if Tri T; (A) C Tri T, (B).
3. As Tri-roughly top included in B (ACy,;_ypenB) if TriT (A) C Tri T (B).

4. A'is Tri- j-roughly top included in B (ACy,; _;_,p.,B) if Tri T; (A) CTri T (B).

5. Ais Tri-roughly included in B (ACZ,,;_ypenB) if (AC=°P" B) and (AC3,;_ ypen B)-

6. Ais Tri- j-roughly included in B (ACY, B) if (ACI'=I=oPer B) and (ACF.;_j_ openB)-

~tri—j—open

4 Characteristics of Tritopological Rough Approximations

In this section, we present essential characteristics of tritopological spaces and lay the founda-
tion for understanding rough sets within the framework of Tri T' = (U, R, -, T¢, Tre)-

Definition 4.1. Given the tritopological approximation space defined as (U, R, Ty, T¢, Tre), where ACU:
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1. IfTriT (A)=TriT (A) (ie. Tri T BON (A) = (), then A is called tri-definable set.

2. IfTriT; (A) =TriT; (A) (ie. Tri T BON; (A) = 0), then A is called tri-j-definable set.
3. IfTri T (A) #TriT (A) (ie. Tri T BON (A) # 0), then A is called tri-rough set.

4. IfTriT; (A) #TriT; (A) (ie. Tri T BON; (A) # 0), then A is called tri-j-rough set.

Definition 4.2. In the context of the tritopological approximation space denoted as (U, R, 7, 7¢, Tr¢), where
ACU:

A set A is termed roughly tri-definable if both Tri T (A) # O and Tri T (A) # U.
A set Ais labeled roughly tri-j-definable if both Tri T ; (A) # 0 and Tri T; (A) # U.

A set A is termed internally tri-undefinable if both Tri T (A) = O and Tri T (A) # U.
A set Ais referred to as internally tri-j-undefinable if both Tri T ; (A) = 0 and Tri T (A) # U.

A set A is termed externally tri-undefinable if both Tri T (A) # 0 and Tri T (A) = U.

A set Ais referred to as externally tri-j-undefinable if both Tri T; (A) # 0 and Tri T; (A) = U.
A set A is termed totally tri-undefinable if both Tri T (A) = and Tri T (A) = U.

A set Ais referred to as totally tri-j-undefinable if both Tri T; (A) = Qand Tri T; (A) = U.

o N S xR

Remark 4.1. For any tritopological approximation space (U, R, T, 7¢, Tr4). The following hold:

1. Tri — 68RD(U) 2 Tri — BRD(U) 2 Tri — RD(U).

2. Tri — 6BIUD(U) C Tri — BIUD(U) C Tri — IUD(U).
3. Tri — BEUD(U) C Tvi — BEUD(U) C Tri — EUD(U).
4. Tvi — 6TUD(U) C Tri — BTUD(U) C Tri — TUD(U).

Proposition 4.1. For any tritopological approximation space (U, R, T, ¢, Tre) and for all z,y € U, we
have:

1. Ifre TriT({y})andy € TriT ({z}), then Tri T ({z}) = Tri T ({y}).
2. Ifre TriT;({y})andy € TriT; ({z}), then Tri T; ({z}) = Tri T; ({y}).

Proof.

1. Since Tri —cl({y}) is a Tri —closed set containing x while Tri —cI({x}) is the smallest Tri —
closed set containing x, thus Tri —cl({x}) C Tri —cl({y}). Hence, Tri T ({z}) C Tri T ({y}).
The opposite inclusion follows by symmetry Tri —cl({y}) € Tri —cl({x}). Therefore,
Tri T ({y}) C Tri T ({2}).

2. The proof for part 2 follows the same approach as in part 1.

329



Nawar, A. S. et al. Malaysian ]. Math. Sci. 18(2): 321-341 (2024) 321 - 341

5 Topological Data Reduction for the Analysis of Rheumatic Fever

This application focuses on implementing practical data reduction techniques within the con-
text of rheumatic fever, a prevalent ailment characterized by a variety of symptoms that vary across
patients, despite consistent diagnoses. Our dataset includes information from five patients aged
between 9 and 12 years, all of whom experienced the onset of arthritis between ages 3 and 5.
Rheumatic fever is known for its wide spectrum of symptoms and its tendency to persist through-
out a patient’s lifetime, often beginning in early childhood.

In Table 2, [15] presents the attributes of the rheumatic fever dataset along with their corre-
sponding codings. These attributes encompass:

e Sex (S) ={M, F} =10, 1}.

e Pharyngitis (F) = {yes, no} = {1, 0}.

e Arthritis (A) = {0, 1, 2}.

e Carditis (R) = {affected, not affected} = {1, 0}.

e Chorea (K) = {yes, no} = {1, 0}.

e ESR (E) = {normal, high} = {0, 1}.

e Abdominal Pain (P) = {absent, present} = {0, 1}.
e Headache (H) = {yes, no} = {1, 0}.

e The decision attribute is Diagnosis (D) = {rheumatic arthritis, rheumatic carditis,
rheumatic arthritis and carditis}.

This study aims to leverage these attributes and their corresponding coding to explore data
reduction techniques, enhancing our understanding of patterns within the complex realm of
rheumatic fever symptoms and their associated diagnoses.

Table 3 outlines the distinctive features of 5 patients, depicted through 8 symptoms (at-
tributes). These attributes play a pivotal role in ascertaining the diagnosis for each individual,
encapsulated within the decision attribute.

Likewise, Table 4 provides details concerning another set of 5 patients, characterized by the
identical 8 symptoms (attributes) employed for diagnosis, aligning with those delineated in Table
3. Based on this foundation, we then proceed to construct a multi-valued information system
(MIS), presented in Table 5.
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Table 2: The data pertaining to the disease of rheumatic fever.

Name of attribute Attribute values Attribute denotes to
Sex (S) s1 Male
So Female
Pharyngitis (F) fi Yes
fa No
Arthritis (A) ag No arthritis
ay Began in the knee
as Began in the ankle
Carditis (R) 71 Affected
9 Not affected
Chorea (K) ky Yes
kg No
ESR (E) el Normal
€2 ngl’l
Abdominal pain (P) D1 Absent
P2 Present
Headache (H) hy Yes
h2 No
Diagnosis (D) dq Rheumatic arthritis
ds Rheumatic carditis
ds Rheumatic arthritis and carditis

Table 3: The information system related to rheumatic fever.

Attributes Patients | S | F | A | R| K | E | P | H| D
1 so | filar | | ki |e | p1 | ha| ds
T2 sy | filar || ke | pr | by ds
T3 sop | filaz |7 | ka| e | p1 | ha| ds
Ty sy | filar o ke e | p1 | ha| dy
Ts si | folag |7 | ko | e | p2| ha| do

From the above tables, we generate the following binary relations:

1. For A C At: R, = {(z, y) : fa(z) C fo(y), Ya € C}, where C={p, o, u} represents a set of
condition attributes.

2. For BC At, Rg = {(z, y) : fo(z) C fu(y), Va € B, B C At}.

It is clear that R, and Rp are reflexive and transitive but not symmetric.

In Table 5, where U represents the set of objects, the set of condition attributes is denoted as
C={p, o, i}, and the decision attribute is the diagnosis D. The binary relation R,is defined, such
that a represents an element from the power set of condition attributes {p, o, u}.

The power set of condition attributes is represented by

P (C) = {Cv 05 P, 0, s PO, P, O'/L}
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Table 4: Encoding data for rheumatic fever.

Attribute representation|Denotes to? | Attribute values Denotes to?

p {S,K} Pl S takes s

P2 K takes k;

03 Each of {S, K} takes {sq, ka}
o {F, A, E} o1 F takes f1

o9 A takes a;

o3 A takes a,

o4 E takes e;

o5 Each of {F, A, E} takes {f2, a0, e2}
m {R, P, H} 11 R takes R,

o P takes p;

143 H takes Iy

m Each of {R, P, H} takes {Rq, p2, ha}
D Diagnosis dq Rheumatic arthritis

do Rheumatic carditis

ds Rheumatic arthritis and carditis

Table 5: A multi-valued information system about data of rheumatic fever.

Ty {p2} {01,02,03} {p1, p2} {ds}
z2 | {p1,p2} {o1, p2} {p1, po, ps} | {ds}
xzz | {p3} {o1,03,04} {pa, pe} | {ds}
x4 | {p1} {o1,09,04} {p2} {d1}
zs | {p} {oa} {11} {d2}

Now we generate the next binary relations on U as follows:

Rpco ={(z,y) : feco (x) € fce (y),VB C C,B # 0,Vr,y € U}.

With the aforementioned context established, we proceed to build the subsequent relations
based on the condition attributes:

Repy ={(z1,21) , (21, 22) , (w2, 22) , (w3, 23) , (T4, 22) , (T4, 74) , (24, T5) , (T5,22)
(965,334),(3357%5)}7

Rioy ={(z1,71), (21, 24) , (22, 71) , (T2, 2) , (22, 74) , (¥3,73) , (T4, 71) , (T4, 74) ,
(z5,21), (5, 23) , (x5, 24) , (25, 75) },

Ry ={(21,21) , (21, 22) , (21, 23) , (22, 72) , (3, 71) , (23, 22) , (v3,23) , (T4, 71) ,
(:E4,$2),($4,IE3),(IE4,$4),($5,$1) (x57x2),(x5,x3),(x5,x5)},

Ry, 0y ={(21,71), (22, 22) , (73, 73) , s (x5,24) , (5, 25) }

Repy =1{(z1,21), (21, 72) , (22, T2 (x4, 2) , (T4, 24) , (25, 72) , (T5,25)},

Riouy ={(z1,21) , (22, 22) , (23, 23 (@4, 24) , (25, 21) , (5, %3) , (25, 25) }

Ro ={(z1,21), (w2, 22), (3,23) , (x4, 24) , (5, 72) , (T5,25) }.

=
—~ o~
8
w
8
w
_ o
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Ry, generates two subbases using right and left blocks of it as follows:
S?p} :{{xZ} 5 {‘rla x2} ) {‘T3} ) {5172, Ty, $5}},
Sty =z}, {ws} {ma, w5} {m1, w0, 34, 51}
: rl  _ Qr l
Since S{p} = S{p} U S{p}, then
S%f}} = {{.’L‘l} ) {1'2} ’ {1'3} ’ {‘Tl’ mz} ? {$4, xs} Y {xzﬂ $4, xf)} 9 {1’1, fL'Q, 1'47 375}}
R,y generates two subbases using right and left blocks of it as follows:
SEO'} Z{{$3} ’ {.131, 334} s {.131, T2, 374} ; {xlv T3, T4, 335}},
S«l{o} ={{za}, {ws}, {23, 25} , {w1, 79, 74, 75} }.

: rl _ Qr
SmceS{O_}—S }US{ },then

Sﬁ;} = {{ma} , {x3} {5}, {z1, v}, {23, 25}, {w1, v2, 24}, {71, T, 24, 5}, {71, T3, 74, 75} }

Ry,,y generates two subbases using right and left blocks of it as follows:

Si"{y,} :{{1'2} ) {1'1,1'27.’173} 3 {1'17.’172,[)33, C64} 9 {xla I27$3,.’I]5}},

Sty ={{za} {zs}, {1, 25, 24,25}, U}

: rl  _ Qr l
Since S{#} = S{#} U S{u}’ then

S{N} — {{xQ} ) {I4} ) {x5} ’ {$1,$27x3} ) {331,3)277}3,334} ) {xlyaz‘Qa $3,$5} ’ {$1,$3,$47]J5} ) U}

Ry, -} generates two subbases using right and left blocks of it as follows:
S{pop = {{on} doab deod () fon sl
Stpoy = Hwr}t, {ma} {ws}, {ws} {wa, 251}
Since Sﬁw} =87,V Sip7g}, then

Sph oy = Hmr}, {ma} {ws}, {wa}  {ws}, {ma, w51}

Ry, . generates two subbases using right and left blocks of it as follows:

Stoy =UHw2} Azs}  {zn, w2}, {22, 24}, {22, 253},
Sip’y,} :{{xl} ’ {xS} ) {(E4} ) {{E5} ’ {mlv Ty, Ty, .%'5}}

i rl T
Since S{/w} S{p pt YU S{p I3 then

Stpuy = U} {z2} {zs} {za} {zs) {zr, 22} {z, 2} {22, 05} {2y, 25, 00,25}

Ry, ) generates two subbases using right and left blocks of it as follows:

S{M} ={{z1}, {22} {ws}, {w1, 24}, {71, 23, 25} },
Stouy ={{z2}, {wa} {zs} {ms, w5}, {2y, 4,05} )

1
Since S{p u = Sfa’u} U S{U’M}, then

Stoy = o} a2} {as} {aad o), {on,2a) {os, 25}, {23, 25}, {0, 2,25}

-341
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R generates two subbases using right and left blocks of it as follows:

Se ={z1} {2} {xs}, {za} {251},
SlC :{{xl}v{xQ}v{x3}v{x4}7{x5}}'

Since S y =95c U SL,, then

= {{z1} . {z2}  {xs}, {za}  {zs}}

Thus, we have the following tritopologies:

Tri iy ={U,0,{x1}, {x2} , {3}, {z1, 22}, {z1, 23}, {w2, 23} , {74, 25},
{z1, 24,25} {72, 24, 75} , {23, 24, 75}, {71, T2, T4, 75},
{x1,23, 4,25}, {x2, 23,24, T5}}.
Tritiey ={U,0,{xa} ,{zs} , {5}, {z1, 24}, {22, 23} , {22, 25} , {23, 25},
{xl,x27x4},{xQ,x3,x5},{xl,x4,:175},{xl,x3,z4},{xl,IQ,zg,:m},
{2y, 2y, 24, 25}, {2, 75, 24, 75} }.
Tritgy ={U,0,{x2}, {za} ,{xs}  {w2, 24} {20, w5}, {24, 25}, {2, 25, 23},
{wg, 2y, 25}, {2y, vy, w3, 20}, {21, 7y, 23, 25}, {01, T4, 24, 25} -
Tri T{p,c} :P(U)
Tri(puy =P(U).
Tri sy =P(U).
Tri 7o =P(U).
TriTtp = {U, 0, {za} ,{zs}, {xa, 25}, {x1, 02, 23}, {x1, 2, T3, 74}, {xl,x27x3,x5}} .

These tritopologies serve as a fundamental knowledge base for our system, allowing us to derive
decision rules from the data provided in Table 5.

The distinguishable subsets of the decision attribute are as follows:
D; = Decision (Rheumatic arthritis) = {z4}.
Dy = Decision (Rheumatic carditis) = {z5}.
D3 = Decision (Rheumatic arthritis and carditis) = {z1, 22, z3}.

Now we calculate the ¢ri-lower approximation, ¢ri-upper approximation, tri-63-lower approxi-
mation, ¢ri-d S-upper approximation of the subset D;, ¢ = 1, 2, 3 are given by:

For the attribute p, we get:

Tri 7P} (D) = Tri 1P} (Dy) = 0,
Tri 74 (Ds) = {@1, 22,73},

Tri 7P} (Dy) = {24, 25},

Tri 71} (Dy) = {x4, 25},

Tri 710} (Ds) = {1, 2, 23}

As Tri 71} BON (D;) results in an empty set, it follows that the decision “Rheumatic arthritis
and carditis” is characterized by a precise 100% certainty, indicating that its boundary region
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remains devoid of elements.

Tri T{p}( Dy) ={x4},

Tri T{p} (Dg) ={z5},

Tri T{p}( Ds)

={z1, 22,23},
Tri 78 (Dy) ={a1},
Tri T{p} (D2) ={z5},
Tri T{p} (D3) ={z1, 22,23}

Since Tri 7'55} BON (Dy) = 0, Tri T(;p} BON (D3) = 0, and Tri T(;{g} BON (Ds3) = 0, it can be
concluded that the decisions “Rheumatlc arthritis, Rheumatic carditis, and Rheumatic arthri-
tis and carditis” hold a precise 100% certainty, signifying that their respective boundary regions
remain unpopulated.

For the attribute o, we get:

Tri ' (Dy) =0,
Tri vt (Da) ={ws},
Tri 77 (Dy) ={w, w3},
Tri i} (Dy) ={x1, 14},
Tritio} (D) ={z5},

Tri {0} (D3) ={x1, 22, 73,74}

As Tri 719} BON (D,) results in an empty set, it follows that the decision “Rheumatic carditis”
attains a precise accuracy of 100%, with its boundary region being devoid of elements.

Tri T{U} (D1) ={z4},
Trir{§) (D2) ={ws},
Tri 75{5} (D3) ={x1, x2, 23},
Trir{5H (Dy) ={aa),

Tri 717 (Dy) ={as},
Trizii) (Dy)

TriT

TriT ={x1, z2, 23}

Given that T'ri 7'50} BON (D) results in an empty set along with T'ri 7'6‘7} BON (D3) and

Tri T(;{g Y BON (D3), it follows that the decisions “Rheumatic arthritis, Rheumatic carditis, and
Rheumatic arthritis and carditis” all achieve a precise accuracy of 100%, with their respective
boundary regions being void of elements.
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For the attribute y, we get:

Tri 71 (Dy) ={a4},
Tri 71 (Dy) ={z5},
Tri 7t (Ds) ={z1, 22,25},
Tri 70} (D) ={24},
W(Dz) ={xs},
Tri 71} (D3) ={x1, 20, 23}

Given that Tri 7{#} BON (D;) results in an empty set along with Tri 7{#} BON (D,) and
Tri 74} BON (Ds), it follows that the decisions “Rheumatic arthritis, Rheumatic carditis, and
Rheumatic arthritis and carditis” all achieve a precise accuracy of 100%, with their respective
boundary regions being void of elements.

Tri 74} (D1) ={z4},
Tri it (Da) ={as},

Tri T(;{g} (D3) :{.1‘1,1‘2,1‘3},

Tri i} (D) ={a4},
Tri 74} (Dg) ={as},
Tri 7\8Y (Ds) ={@1, 22, 25}

Given that Tri Té{é‘} BON (D) results in an empty set along with Tri Té{g} BON (D3) and

Tri T(S{g Y BON (D3), it follows that the decisions “Rheumatic arthritis, Rheumatic carditis, and
Rheumatic arthritis and carditis” all achieve a precise accuracy of 100%, with their respective
boundary regions being void of elements.

For the attributes p and o, we get:

Il
——
8

-
=
v
8
w
—~

Given that Tri 7{??} BON (D) results in an empty set along with Tri 7{#°} BON (D) and
Tri 7477} BON (D3), it follows that the decisions “Rheumatic arthritis, Rheumatic carditis, and
Rheumatic arthritis and carditis” all achieve a precise accuracy of 100%, with their respective
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boundary regions being void of elements.

Tri T{p’a} (D1) ={z4},
Tri 707 (Do) ={as},
Tri T{p70}( Ds) ={x1,x2,23},
Tri T{p 1 (D (D1) ={x4},
Tri T{p’a} (Dg) ={zs5},

Tri T{p o} (D3) ={x1, 72, 73}.

Given that Tri 72"} BON (D), Tri 7{5°" BON (D,), and Tri 72"} BON (Ds) all result in
empty sets, it can be deduced that the dec151ons “Rheumatic arthrltls Rheumatic carditis, and
Rheumatic arthritis and carditis” are all determined with an exact accuracy of 100%. Further-
more, this accuracy is achieved while maintaining empty boundary regions for these decisions.

For the attributes p and 1, we get:

Tri P (Dy) ={24},
Tri 171 (D) ={as},
Tri P (Ds) ={x1, 22, 23},
Tri Pk} (Dy) ={x4},
Tri tire} (Dy) ={xs5},
Tri 7ipn} (Dg) ={a1, 29, 23}

Given that Tri 7{»#*}BON (Dy), Tri m{##*BON (D), and Tri 7{»*} BON (D3) all result in
empty sets, it can be deduced that the decisions “Rheumatic arthritis, Rheumatic carditis, and
Rheumatic arthritis and carditis” are all determined with an exact accuracy of 100%. Further-
more, this accuracy is achieved while maintaining empty boundary regions for these decisions.

Tri T{p ”}( Dy) ={x4},
Tri T{p m} (Dg) ={zs5},
Tri T{p nh (D3) ={z1,x2, 23},
Tri g™ (Dy) ={aa),
Tri Tif) (D2) ={as ),
W( D3) ={x1, 2,23}

Given that Tri 7\/*} BON (D1), Tri m{§"} BON (D), and Tri 714"} BON (Ds) all yield
empty sets, it can be concluded that the decisions “Rheumatic arthritis, Rheumatic carditis, and
Rheumatic arthritis and carditis” each possess a precise accuracy of 100%. Furthermore, these
decisions maintain empty boundary regions.
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For the attributes o and ., we get:

Triri7M (Dy) ={24},
Tri TP (Dy) ={a5},
Trir'7" (Ds) ={21, 22,23},
W(Dl) 2{954}7
Tri rlond (Dy) ={5},
Tri {0} (D3) ={x1, 29, 23}

Given that Tri rio#} BON (Dy), Tri tio#} BON (Dy), and Tri t{7#} BON (D3) all yield
empty sets, it can be concluded that the decisions “Rheumatic arthritis, Rheumatic carditis, and
Rheumatic arthritis and carditis” each possess a precise accuracy of 100%. Furthermore, these
decisions maintain empty boundary regions.

{o,n

Tri7{g" (D1) ={z4},
Tri 7{5" (Dy) ={as},
Tri T{U ”}( D3) ={z1, 2,23},
Tri i3 (D1) ={4},
Tri 7ig" (D2) ={as},

Tri T6§7H} (Dg) :{.’ﬂl, ZIo, 1'3}.

Given that Tri 75"} BON (Dy), Tri 7i5"} BON (Dy), and Tri 7/} BON (D) all yield
empty sets, it can be concluded that the decisions “Rheumatic arthritis, Rheumatic carditis, and
Rheumatic arthritis and carditis” each possess a precise accuracy of 100%. Furthermore, these
decisions maintain empty boundary regions.

For the attributes p , o and 1, we get:

Tri 17" (Dy) ={a4},
Trir'07#) (Dy) ={s},
Tri w7 %M (D3) ={x1, 22,23},
Trirlpon} (Dy) ={24},
TriT{po1} (Dy) ={as},
Tri 7ipon} (Ds) ={a1, x, 23}

Given that Tri 7{»o#} BON (D,), Tri 74%# BON (Dy), and Tri 7{77#} BON (Ds) all yield
empty sets, it can be concluded that the decisions “Rheumatic arthritis, Rheumatic carditis, and
Rheumatic arthritis and carditis” each possess a precise accuracy of 100%. Furthermore, these
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decisions maintain empty boundary regions.
Tri T(;{Bp’a’“} (D1) ={z4},

Tri {57 (D) ={xs},

Tri T(s{gﬂo,u} (D3) :{xl, T2, $3}’

Tri 787" (Dy) ={x4},
Tri {57 (D) ={xs},

T’l"i ng’mu} (Dg) :{3317 o, 1’3}.

Given that Tri 7,7} BON (Dy), Tri 717"} BON (Dy), and Tri 7{,"" BON (Ds) all yield
empty sets, it can be concluded that the decisions “Rheumatic arthritis, Rheumatic carditis, and
Rheumatic arthritis and carditis” each possess a precise accuracy of 100%. Furthermore, these
decisions maintain empty boundary regions.

6 Conclusion and Discussion

In this study, we have expanded upon Pawlak’s approximation space by introducing a novel
family of binary relations, leading to the creation of a tritopological approximation space. By
leveraging right neighborhoods and left neighborhoods derived from these relations, we have for-
mulated three distinct topologies. These topologies have enabled the definition of ¢ri-lower and
tri-upper approximations for any subset within the universe. Our comprehensive analysis has
demonstrated that the-§3-model outperformed other proposed models, significantly reducing the
tri-d3-boundary region of vague concepts. Consequently, this model provides a promising avenue
for enhancing the precision of vague concepts. Thus, the ¢ri-63 approach to rough set approxima-
tions holds great potential for addressing vagueness in a wide range of real-life applications.

In future work, we intend to further develop the theoretical framework within the con-
text of tri-conepts. Specifically, we plan to investigate additional axiomatic properties of tri-
approximation space and explore fundamental topological concepts in t¢ri-spaces, such as sep-
aration axioms, compactness, and connectedness. The ¢ri-hypothesis holds promise for advanced
studies and real-life applications in engineering problems. Additionally, our future research will
focus on extending the application of the developed framework to fields beyond tritopological ap-
proximation space, such as fuzzy set theory and soft set approaches. By continuing to advance this
line of inquiry, we aim to contribute to the broader understanding and utilization of tritopological
methods in solving complex, real-world problems.
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